The mode coupling among guided modes in a photorefractive crystal waveguide is investigated. We derive the coupled equations of guided modes in a photorefractive crystal waveguide. Analytical solutions of the coupled equations are obtained for a two-mode photorefractive crystal waveguide. We also numerically analyze the coupled equations of guided modes in a multimode photorefractive crystal fiber. As a result of the coupling, power may flow to the fundamental mode or the highest-order mode, depending on the direction of the crystal optical axis. In addition, we report an analytical solution of the modal power in core and cladding for all guided HE m and EH m modes for cylindrical fibers made of uniaxial crystals.
INTRODUCTION
Photoinduced fiber gratings in fibers can be produced by the transverse holographic method, 1 the point-to-point external writing, 2 or the internal modal interferometric process. 3 The presence of these gratings may cause coupling among the propagating modes. [2] [3] [4] It is known that a nonreciprocal energy coupling between optical beams exists in bulk photorefractive crystals (PRC's). 5, 6 In this paper we investigate the nonreciprocal power transfer among the modes by means of the self-induced index grating. The wave function of these modes in a single-crystal fiber has been previously obtained. 7, 8 In this paper we derive the coupled equations of guided modes in a PRC waveguide and solve the coupled equations of guided modes analytically in a two-mode PRC waveguide. We also numerically analyze the coupled equations of guided modes in a multimode PRC fiber. As a result of the coupling, power may flow to the fundamental mode or the highest-order mode, depending on the direction of the crystal optical axis relative to the propagation direction. We also report analytical solutions of the modal power in core and cladding for all guided HE and EH modes. Previous work had reported analytical results for TE and TM modes in cylindrical fibers made of uniaxial crystals. 8 To our knowledge, we are the first to report these analytical solutions for the hybrid modes.
FORMULATION OF THE PROBLEM
We consider a PRC waveguide, whose modes propagate along the crystal c axis. For the purpose of our derivation, the modal wave functions are normalized such that
where F i (r, ) and F j (r, ) are the modal wave functions of the waveguide. The total electric field in the PRC waveguide can be written as
where ␤ j is a propagation constant and A j (z) is assumed to be a slowly varying mode amplitude. The summation is over all the propagating modes, j ϭ 1, 2 ,..., n. Within a factor of proportionality, the intensity of the electromagnetic radiation can be written as I ϭ ͉E ͉ 2 . Using Eq. (1) for the electric field, we can write the intensity as
where
The intensity I exhibits a spatial variation inside the PRC waveguide. Inside the PRC waveguide, such an intensity pattern will generate a spatial distribution of charge carriers. As a result, a space-charge field is created in the PRC waveguide. This field induces an index grating by means of the Pockels effect. In general, the index grating will have a spatial phase shift relative to the interference pattern. The dielectric tensor of the photoinduced gratings can be written as
where ⑀ is the dielectric tensor of the fiber when no light is present, (⌬⑀) j k is the photoinduced dielectric modula-tion depth tensor between the jth and kth modes, ⌽ is a spatial phase shift between the index grating and the interference pattern, and
with (A eff ) jk being the modal field overlap area between the jth and kth modes of the waveguide 10 :
Equation (3) represents a photorefractive index grating in the crystal waveguide formally identical to those of the bulk crystals. If the medium is isotropic, the equation of the photoinduced index grating can be simplified to
where ⌬n i j is the photoinduced index modulation depth between the jth and kth modes, z is the distance measurement along the axis of the fiber, and K ij is the difference between the propagation constants (
This grating is a transmission grating. Mode i with propagation constant ␤ i is scattered into mode j with ␤ j ϭ ␤ i Ϫ K i j , and mode j with propagation constant ␤ j is scattered into mode i with ␤ i ϭ ␤ j ϩ K i j . There is some transverse variation of the photoinduced index grating that is due to the transverse variation of the wave functions of the modes. Since the space-charge field is along the c axis, the photoinduced dielectric modulation depth tensor ⌬⑀ can be written as 
where E 0 is an externally applied electric field,
, ⑀ is the dielectric tensor, and K ϭ ͉␤ i Ϫ ␤ j ͉ is the magnitude of the grating wave vector for the index grating formed by modes i and j. For crystals such as SBN and LiNbO 3 , the electro-optic coefficients r 43 ϭ r 53 ϭ r 63 ϭ 0, and ⌬⑀ becomes a diagonal tensor:
The phase ⌽ ϭ /2 ϩ tan
indicates the degree to which the index grating is shifted spatially with respect to the light interference pattern. In PRC waveguides that operate by diffusion only, with no applied electric field, for example SBN, the magnitude of ⌽ is /2, with its sign depending on the direction of the c axis. The presence of such a phase shift allows the possibility of a nonreciprocal steady-state transfer of power among waveguide modes. The parameter ⌬⑀ depends on the material properties of the crystal (electro-optic coefficient) and the period of the photoinduced grating.
To investigate the coupling, we substitute Eqs. (3) and (8) for the dielectric tensor ⑀Ј and Eq. (1) for the electric field into the following wave equation:
where c is the velocity of light in vacuum and is the angular frequency of light. Using the slowly varying amplitude approximation, that is,
we obtain
Next, using the orthogonality of modal wave functions and neglecting fast-varying phase terms, we obtain the following coupled equations:
where we have added terms that account for the attenuation with ␣ as the PRC fiber absorption coefficient and
We now write
where M j (z) and ⌿ j (z) are the modulus and the phase of the complex amplitude A j (z). With the use of Eq. (13), the coupled equations (12) can be written as
In waveguides, components of the modal wave functions are always real or imaginary, and (⌬⑀) jk ϭ (⌬⑀) kj . Thus we obtain
We note that ␤ j ␥ jk ϭ ␤ k ␥ kj for any two modes. According to Eq. (14), it can be shown that the total power flow, which is proportional to ͚ jϭ1 n ␤ j M j (z), is a constant when ␣ ϭ 0. In the absence of material absorption (␣ ϭ 0), M 1 (z) is an increasing function provided that ␥ 1k р 0 for all k Ͼ 1. This indicates that the power is flowing into the lowest-order mode. On the other hand, M n (z) is an increasing function provided that 0 р ␥ nk for all k Ͻ n. The sign of ␥ jk determines the direction of power flow, which depends on the orientation of the crystal axis. In PRC waveguides that operate by diffusion only (i.e., no external static field), for example SBN, the magnitude of ⌽ is /2, with a sign depending on the orientation of the crystal optical axis relative to the propagation direction.
EXAMPLES OF PHOTOREFRACTIVE CRYSTAL FIBERS
For illustration purposes we consider some PRC fibers with a core of uniaxial crystal (with refractive indices n o1 and n e1 ) and a cladding of uniaxial crystal or an isotropic medium (with refractive indices n o2 and n e2 or n 2 , respectively). A step-index profile is assumed, and the crystal c axis is parallel to the axis of the fibers. In this case it can be shown that the V number of the fiber is the same as that of the step-index-profile isotropic-medium fiber. In other words, V ϭ (2a/
, where k ϭ 2/ with wavelength , a is the core radius, and ␤ is the modal propagation constant. Cutoff conditions of the uniaxial fiber were previously reported. 7 Dai and Jen 8 had reported modal fields for the uniaxial core-uniaxial cladding crystal fiber and also expressed the modal powers of the TE and TM modes in closed form. In this paper we report the closed-form solutions of the modal powers of HE and EH modes in uniaxial crystal fibers. The HE m and EH m modal powers in the core and cladding regions can be written, respectively, as
where co ϭ n e1 /n o1 and cl ϭ n e2 /n o2 are index ratios between the e ray and the o ray of the PRC fiber in core and cladding. Table 1 shows the cutoff conditions (minimum V num- 
SOLUTION OF THE TWO-MODE COUPLING
If a PRC fiber has a cutoff between the TE 01 and HE 21 modes, then there are only two guided modes (HE 11 and TE 01 ) in this fiber. The modal intensity can be analytically solved. The solutions of the two-mode PRC fiber can be written as
Here the subscripts 1 and 2 stand for modes HE 11 and TE 01 , respectively. Note that, in the presence of material absorption (␣ Ͼ 0), the solutions can be modified as
With M 1 (z) and M 2 (z) known, the phases ⌿ 1 (z) and ⌿ 2 (z) can be obtained by integrating Eq. (15). Using Eq. (14), we obtain
If ⌽ ϭ /2, we note that phases are constant (independent of z). These results are similar to those of two-wave mixing in bulk PRC's. For SBN PRC fibers that operate by diffusion only (i.e., no external static field), the magnitude of ⌽ is /2, with a sign depending on the orientation of the c axis. By examining Eqs. (20) and (21), we find that the direction of power flow is determined by the sign of ␥ HE 11 or ␥ TE 01 , which depends on the orientation of the crystal c axis. In the absence of material absorption (␣ ϭ 0), M HE 11 (z) is an increasing function of z provided that ␥ HE 11 is negative. This indicates that the power is flowing from the higher-order mode TE 01 to the fundamental mode HE 11 in a two-mode photorefractive fiber.
NUMERICAL RESULTS FOR MULTIMODE COUPLING
We consider a ten-mode PRC uniaxial SBN rod, with V ϭ 5.74, ϭ 0.5145 m, and dopant density N D ϭ 2N A ϭ 10 17 cm Ϫ3 . The propagation constants of the guided modes are shown in Table 2 in units of /c.
By examining the coupled Equations (14), we note that the power transfer rate is proportional to ␥ jk . According to Eq. (16), we can rewrite the coupling constant such that
is the modal field factor, with r jk being the element of the electro-optic tensor, and (E 0 SC ) jk is the space-charge field, which depends on the period of the jth and kth modes' photoinduced grating and the SBN impurity dopant density. 6 In this example we have (E 0 SC ) jk ϭ (E 0 SC ) kj and f jk ϭ f k j . Figure 1 Table 3 shows f jk /r 13 n o 4 , which displays the difference between the bulk and the waveguide medium (for the bulk medium, this factor is unity). The modal field factor is zero between the TE and TM modes because F TE • F TM ϭ 0. We note that a maximum value of the modal field factor is produced by the TE 01 and TE 02 modes and that a minimum value is produced by the EH 11 and TM 02 modes. The variation is a result of the overlap integral of the modal field profiles. The lower-triangular half of Table 3 shows the photoinduced grating period (⌳ G ) jk ϭ (⌳ G ) k j between any two modes of the fiber in units of micrometers. According to the grating periods and Fig. 1 , we note that the space-charge fields are in the range between 1.2 ϫ 10 4 and 5.8 ϫ 10 4 V/m. Table 4 shows the photorefractive coupling constants ␥ jk between any two modes of this ten-mode fiber. We note that coupling constants ␥ TE,TM ϭ 0 between the TE and TM modes because their wave functions are orthogonal: F TE • F TM ϭ 0. A slight difference between ␥ jk and ␥ kj is a result of the difference in ␤ j and ␤ k (we recall that ␤ j ␥ jk ϭ ␤ k ␥ k j ). According to our numerical analysis, we find that modal wave-function contributions are more significant than those of the space-charge fields. We also note that the coupling constant between the HE 31 and HE 21 modes is maximum because they have a higher modal field factor and a higher space-charge field. Figure 2 shows the modal power as functions of z for ⌽ ϭ Ϫ/2. In the absence of absorption, we note that P HE 11 is an increasing function of z in the fiber. We also note that the HE 11 mode will gain virtually all the power in a few centimeters. Three low-order modes, TE 01 , HE 21 , and TM 01 , initially gain the power from higherorder modes but eventually donate all the power to the fundamental mode HE 11 . All other modes are decreasing functions of z [see Fig. 2(b) ]. On the other hand, when 01 2.03486 HE 21 1.95544 TM 01 1.91723 EH 11 1.70497 HE 31 1.53337 HE 12 1.39819 EH 21 1.26314 TE 02 1.07166 TM 02 1.00701 the direction of the c axis is reversed and the propagation direction remains the same, the coupling coefficients reverse their signs. 12 In this case the two highest modes, TE 02 and TM 02 , will gain the power. Figure 3 shows the modal power as functions of z for ⌽ ϭ ϩ/2. There is no coupling between the TE 02 and TM 02 modes because their wave functions are orthogonal: F TE 02 • F TM 02 ϭ 0.
CONCLUSION
A complete analysis for the mode coupling among guided modes in a photorefractive crystal PRC waveguide is investigated, and the coupled equations in a two-mode PRC waveguide are analytically solved. A numerical analysis for the coupled equations of guided modes in a ten-mode PRC fiber is also presented. Based on the above analysis, we find that the power in a multimode waveguide can flow either to the fundamental mode or to the highestorder mode, depending on the direction of the crystal optical axis. Thus a PRC fiber can function like a mode converter. Such a PRC mode converter can also be employed to eliminate the fan-in power loss in an optical interconnection. 13 
